In this paper, we present experimental measurements for the dynamic viscosity of macroscopic ͑non-Brownian and noncolloidal͒ suspensions of bimodal sized spheres when submitted to an oscillating plane Couette flow. The measured viscosity is what we call the dynamic viscosity at finite frequency. Concerning the viscosity of such systems, numerous experimental studies have been done under steady flow conditions, i.e., at zero frequency, but few studies concern the dynamic case. Our measurements have been performed for different values of the three relevant parameters, namely the size ratio , the fraction of small spheres to total solids, and the total solid volume fraction ⌽. Our results show a viscosity reduction upon mixing, which increases as the total solid volume fraction ⌽ is increased. We analyze our results by a model that takes into account the volume fraction ⌽ and the maximum volume fraction ⌽ m , which depends on the two parameters and . On the other hand, we compare our experimental results with recent numerical simulations performed by Chang and Powell ͓J. Fluid Mech. 253, 1-25 ͑1993͒; Phys. Fluids 6, 1628-1636 ͑1994͔͒ by Stokesian dynamics, and Monte Carlo method, which lead, respectively, to viscosity at zero and infinite frequency. Our experimental results lie between these two different simulation results.
I. INTRODUCTION
The rheological properties of suspensions made of particles that are bi-or polydisperse in size are important to know for a better understanding of their flow behavior. In numerous materials, the functional performance is linked to the total amount of solid, such as in solid rocket propellants ͓Miller et al. ͑1991͔͒ or dental pastes ͓Cheng et al. ͑1990͔͒ . In such cases where high volume loadings are desired, the concomitant high viscosity is usually not favorable from a processing standpoint. However, high solid loadings can be attained with a small increase in viscosity using suspensions having a distribution of particle sizes rather than particles of similar sizes ͓Lee ͑1970͔͒. The study of polydisperse suspensions, and more fundamentally, of bidisperse suspensions is, thus, a͒ Corresponding author.
of considerable interest, and several works either experimental, numerical, or theoretical have been done in the past.
In the case of colloidal suspensions, there are the works of Parkinson et al. ͑1970͒ , of Woutersen and De Kruif ͑1993͒, and of D'Haene and Mewis ͑1994͒. However, in this paper we will focus on what we call the macroscopic suspensions, in which Brownian effects and surface forces can be neglected when compared to hydrodynamic forces.
In the case of bidisperse macroscopic suspensions of solid spheres, several experimental studies measuring the viscosity of such systems have been performed using different types of viscometers but most of these studies deal with steady flows, i.e., at zero frequency. Indeed, Sweeny and Geckler ͑1954͒, followed by Eveson ͑1959͒, Hoffman ͑1992͒, Shapiro and Probstein ͑1992͒, Probstein et al. ͑1994͒ , and Chang and Powell ͑1994b͒ have used a concentric cylinder or a cone-plate viscometer; in the induced shear flows, the steady-shear viscosity is calculated by measuring the angular velocity of the moving part and the shear stress acting on it. On the other hand, Chong et al. ͑1971͒ and later Storms et al. ͑1990͒ have used an orifice viscometer in which suspensions are driven through an abrupt contraction; the viscosity is here calculated by measuring the pressure drop and the flow rate. At last, Kuno ͑1982, 1984͒ have used a capillary viscometer with which they have been able both to measure the steady-shear viscosity and to visualize the particles inside the tube. All these experimental results show the same general trend: a viscosity reduction upon mixing, which increases with increasing size ratio. Note that when the particle size ratio is sufficiently large ͑more than roughly 10͒, the small particles can be viewed as a continuous fluid with respect to large ones ͓Farris ͑1968͒, Sengun and Probstein ͑1989͔͒: beyond this ''critical'' size ratio, the small spheres can easily migrate through the interstices of the large spheres.
By contrast, very few experiment have been performed in the case of dynamic shear flows, i.e., at nonzero frequency. Concerning the colloidal suspensions, Kim and Luckham ͑1993͒ have measured the dynamic viscosity of bidisperse polystyrene latex particles (d ϭ 0.2 and 1.4 m͒ over the frequency range 10 Ϫ2 -10 Hz with a concentric cylinder rheometer used in the oscillatory shear mode. Concerning the macroscopic suspensions, Poslinski et al. ͑1988͒ have measured the dynamic viscosity of bidisperse suspensions of glass spheres (d ϭ 15 and 80 m͒ in a high viscous polymer ͑polybutene, ϭ 25 Pa s͒ with a parallel-plate viscometer. However, these last authors have not reported the dynamic viscosity at a precise frequency but only around 10 Hz. Indeed, they average their dynamic viscosity measurements over the frequency range 1.6-16 Hz.
Beside all these experimental studies, numerical simulations have been performed just recently. Chang and Powell ͑1993, 1994a͒ have used Stokesian dynamics to calculate the viscosity for a monolayer of a suspension of bimodally distributed spherical particles located in the plane of shear. These two-dimensional ͑2D͒ simulations rather than full three-dimensional ͑3D͒ ones minimize computation costs while preserving the essential physics ͑both the far-field many-body interactions and the near-field lubrication forces are explicitly included͒. In dynamic simulations ͓Chang and Powell ͑1993͔͒, the suspension undergoes an imposed shear flow and the positions of the particles evolve and are followed at each time step: steady state occurs after a large number of time steps and can lead to the formation of clusters. The calculated viscosity corresponds to the steady viscosity at zero frequency and large rate of strain. In the Monte Carlo technique ͓Chang and Powell ͑1994a͔͒, the microstructure does not evolve in time as occurs in a dynamic simulation: several samples are generated and the viscosity is calculated for each sample and averaged over all the samples. The calculated viscosity corresponds here to the dynamic viscosity at a high frequency and small rate of strain. These two different technique of simulations both give a viscosity reduction upon mixing, which increases with the size ratio. However, dynamic simulation is found to yield higher viscosities as compared with the results of the Monte Carlo simulations.
At last, very few theoretical works deal with this problem. Only recently, exact numerical calculations have been made by Wagner and Woutersen ͑1994͒ for the dilute limiting, zero shear viscosity of bimodal suspension of hard spheres: the hydrodynamic functions have been calculated using previous theoretical results ͓Jeffrey ͑1992͔͒ for the hydrodynamic resistivities between pairs of hard spherical particles of different radii. The results show that both the hydrodynamic and Brownian contributions to the Huggins coefficient ͑namely, the second-order coefficient of the viscosity when expanded in terms of powers of the total solid volume fraction͒ exhibit a minimum, which is symmetric in mixing volume fraction and which deepens with increasing size ratio. The reduction of viscosity upon mixing is seen by the authors to be a result of near-field hydrodynamic shielding of asymmetric particle pairs.
We have performed extensive experiments on suspensions of solid spherical particles in order to study the influence of the bimodal distribution of the particle size on the viscosity of such systems. Our investigation concerns the measurement of the dynamic viscosity, i.e., the viscosity in the case of an oscillating shear flow at finite frequency. The measurements have been made a short time after the application of the flow in order to obtain the viscosity before the beginning of any possible ordering of the suspension under the action of the oscillating flow. This effect, which has been previously observed and studied, is reported elsewhere ͓Gondret and Petit ͑1993, 1996͔͒.
In the following paragraph, we give the features of the suspensions we have used and the experimental conditions for the viscosity measurements. In a subsequent paragraph, we present the results we obtained and compare them to other experimental data and recent numerical simulations. Furthermore, we propose a model based on the influence of the size distribution of the particles on their packing fraction, and so, on the viscosity.
II. EXPERIMENT

A. Materials
The suspension we have studied are made of glass spheres of diameter in the range 45-450 m, embedded in a silicon oil ͑polydimethylsiloxane͒ of viscosity 5 Pa s. Each particle size is obtained by sieving mechanically the particles. For each of the corresponding size distributions, the ratio d /d is around 10%, where d is the mean diameter and d the standard deviation.
The particles of the two sizes, with the diameter d S ϭ 45 m for the small ones and d L ϭ d S for the large ones ( ϭ 2 -10 is the size ratio͒, are mixed together with a given volume of each size leading to a known value of the fraction of small spheres to total solids
The particles are then embedded in a given volume V f of fluid, leading to a known value of the total solid volume fraction
At last, the fluid-particle mixture is stirred manually to homogenize it and is then kept at rest to remove air bubble.
B. Viscosity measurement
The suspension is submitted to an oscillating plane shear flow between two parallel glass plates separated by a small gap. The lower plate is fixed and the upper one is moving alternatively t a given frequency f ( f ϭ 200 Hz for the results reported in this paper͒. The particle Reynolds number is low (Re Ϸ 10 Ϫ2 ), meaning that inertial forces are much smaller than viscous forces. Owing to the large sizes of the particles ͑much larger than the micrometer͒, the Péclet number is very high (Pe Ϸ 10 11 ), meaning that hydrodynamic interactions between the particles dominate surface forces and Brownian effects. Figure 1 shows a schematic view of the experimental setup and flow geometry. Viscosity measurements are performed by measuring the phase shift between the strength applied to the moving plate and its displacement. This phase shift is directly related to the dynamic viscosity of the suspension lying between the plates. The strain amplitude is small (␥ 0 Ϸ 0.1) and we have checked that we were in the linear region. Indeed, the oscillating character of the applied flow allowed us to check easily that the response remained sinusoidal. More details about the setup and the method of viscosity measurements can be found in Gondret and Petit ͑1996͒.
The visualization of the suspension during the flow is achieved by means of an optical microscope with a lighting synchronized at the frequency of the shear flow. This allows us to observe particle migration ͓Petit and Gondret ͑1993͔͒ and a possible shear-induced ordering ͓Gondret and Petit ͑1993͔͒. Note that all the results presented in this paper correspond to measurements made just after starting the shear ͑typically a few seconds later͒ in order to avoid any structure formation we can observe after a long time of shearing ͓Gondret and Petit ͑1993, 1996͔.
To sum up, the dynamic viscosity measurements presented in this paper correspond to the viscosity of disordered suspensions of non-Brownian hard spheres at finite frequency and low strain amplitude.
III. RESULTS AND DISCUSSION
A. Viscosity and maximum solid fraction
The results we obtain for the viscosity measurement of monodisperse suspensions with the experimental conditions described in the previous section are presented in Fig. 2 ͑open circles͒. A monotonic increase of the viscosity as the volume fraction ⌽ is increased can be seen, with a strong increase as ⌽ approaches values around 0.6. This is a classical behavior.
A standard way to model the viscosity of non-Brownian suspension of hard spheres is to use an effective medium approach ͓Van de Ven ͑1989͔͒. This leads to a relation between the relative viscosity, defined as the ratio of the viscosity of the suspension to the viscosity of the suspending fluid, and the solid volume fraction, which is usually termed the Krieger-Dougherty relation and which is of the following kind:
where ⌽ m is the maximum solid volume fraction of the suspension and ␣ an exponent that characterizes the divergence when ⌽ approaches ⌽ m . The value of ␣ is usually between 1 and 2, depending on the interactions between the particle ͓Ball and Richmond ͑1980͒, De Kruif et al. ͑1985͒, Brady ͑1993͔͒. The best fit of our experimental data ͑solid line in Fig. 2͒ leads to the values ␣ ϭ 1.5Ϯ0.1 and ⌽ m ϭ 0.64Ϯ0.01 ͓Gondret and Petit ͑1995͔͒. This value of ⌽ m is the value of the packing fraction c 0 found for random close packings of dry hard spheres, both experimentally, numerically, and theoretically ͓Scott and Kilgour ͑1969͒, Nolan and Kavanagh ͑1992͒, Sadoc ͑1981͔͒. This is not surprising since our suspensions are disordered. If the suspensions are ordered by the flow, the value of ⌽ m can be larger ͓De Kruif et al. ͑1985͒, Gondret and Petit ͑1995͔͒. Note that there is no a priori reason for the maximum solid fraction of a disordered suspension of spheres to be strictly equal to the random close packing fraction of dry hard spheres. Indeed, Shapiro and Probstein ͑1992͒ found the factor 1.19 between the two and named it the ''filler dilatancy factor'' ͓Probstein et al. ͑1994͔͒. However, this is the case for our monodisperse suspensions and we will assume that it stands for the bidisperse suspensions. It is reasonable as the filler dilatancy factor of 1.19 found by Probstein et al. ͑1994͒ seems not to change with the size ratio and the composition . In the bidisperse case, the random close-packing fraction c depends on the two parameters and , and in the following, we will model the viscosity of bidisperse suspensions by the relation where c(,) is calculated from the model of Ouchiyama and Tanaka ͑1981͒ as suggested by Gupta and Seshadri ͑1986͒. This model is presented below and compared to experimental and simulation results.
B. Packing fraction
To our knowledge, three main different models exist for predicting the packing fraction of bidisperse packings of hard spheres as a function of the size ratio and of the fraction of small spheres: the ones of Ben Aim and Le Goff ͑1967͒, of Dodds ͑1980͒, and of Ouchiyama and Tanaka ͑1981͒. In all these models, the random dense packing fraction of monodisperse spheres c 0 is a free parameter for which we choose the value c 0 ϭ 0.64.
The simplest model, only valid for spheres of two very different sizes, i.e., for → ϱ, leads to the following relations:
The first relation is obtained when considering that few small particles are in the interstices of a monodisperse packing of large particles. For the second relation, few large particles are dispersed into a monodisperse packing of small particles. At the point where the two functions cross each other, the packing fraction is maximum: c max ϭ c 0 (2Ϫc 0 ) at max ϭ (1Ϫc 0 )/(2Ϫc 0 ). With the value c 0 ϭ 0.64 for the monodisperse packing fraction, it leads to c max ϭ 0.870 and max ϭ 0.265. This simple model gives the limiting curve under which must be the packing fraction of all bidisperse random packings.
Ben Aïm and Le Goff ͑1967͒ take into account the linear perturbation for the packing fraction near a large sphere embedded in a packing of small spheres. Their model is, therefore, only correct for a large size ratio ( Ͼ 10).
The model of Dodds consists in first calculating the solid fraction over a tetrahedron made of four spheres in contact. Depending on the sizes of the four spheres, the tetrahedron is not the same and neither its solid fraction. The packing fraction is then simply calculated considering the fraction of each tetrahedron in the packing, which depends on the fraction of the small spheres. The main problem is that the three-dimensional space cannot be filled with an assembly of tetrahedra in contact.
The model we used is the one proposed by Ouchiyama and Tanaka ͑1981͒. It consists of replacing the real packing of spheres by a homogenized one in the following way ͑Fig. 3͒: each sphere ͑of diameter d) of the original packing is considered successively as the ''reference'' sphere ͑central dark grey sphere in Fig. 3͒ . Its neighbors in contact ͑of diameter d i ) are all replaced by the same number of spheres of the same diameter equal to the mean diameter d of the packing. The packing fraction is then calculated over the spherical cell of diameter dϩd ͑dotted circle in Fig. 3͒ . Its expression in terms of the two parameters and is
where N S and N L are the number fractions of small and large spheres, respectively, d S and d L the diameters of the small and large particles normalized by the mean diameter d , and 1/⌫can be seen as the fraction of the spherical shell allocated to the reference sphere. Each of these parameters depends on and as follows:
and ⌫ ϭ 1ϩ
͑8͒
The results given by this model are presented in Fig. 4 , where the packing fraction c is plotted as a function of the fraction of small spheres for different value of the size ratio . The general feature is an increase in the packing fraction c as the size ratio is increased, with a maximum of c even more pronounced as is larger. The value of for which this maximum is reached depends slightly on , varying nonmonotonically from roughly 0.4 for ϭ 2 up to 0.2 for ϭ 10.
We have compared the result given by this model with existing experimental data and numerical results for various values of ͑Fig. 5͒. Solid lines correspond to the results given by the model, open symbols to experimental data collected from the works of McGeary ͑1961͒, Yerazunis et al. ͑1965͒, Ben Aïm and Le Goff ͑1967͒, and Ridgway and Tarbuck ͑1968͒, and filled symbols to numerical simulations made by Rodriguez et al. ͑1986͒ and Clarke and Wiley ͑1987͒. It is well known that experiments are difficult to perform since a size segregation occurs ͑e.g., the so-called Brazil nuts effect͒ when the packing is vibrated ͓Jullien et al. ͑1992͔͒; hence, a dense packing both random and homogeneous is difficult to obtain. On the other hand, numerical simulations are not so numerous due to large computing time when the size ratio is large ͑the number ratio of the small to large particles increases as 3 ). Note that segregation can occur with a large aspect ratio in numerical simulations, too. In their simulations for ϭ 5, Rodriguez et al. ͑1992͒ have artificially limited the rolling of the small particles ͑it takes into account the effects of friction͒ to avoid this effect.
Note that all these experimental and simulation results do not lead exactly to the value c 0 ϭ 0.64 for the monodisperse packing fraction. However, for the purpose of comparison, we have scaled all the result with this value in model and the data is rather good, in particular for larger values of the size ratio . However, for a small size ratio ͓see Fig. 5͑a͒ for ϭ 2] , the model seems to underestimate the increase of the packing fraction upon mixing when compared to experimental and simulation results.
In the following, we present our experimental result for the viscosity measurements of bidisperse suspensions and compare them with the values obtained from the effective medium model described above and with recent simulation results.
C. Viscosity measurement results
Our results for the dynamic viscosity measurements of bimodal suspension are presented in Fig. 6 ͑open symbols͒ as a function of the fraction of small spheres for different values of the size ratio: ϭ 2 ͑a͒, ϭ 3 ͑b͒, ϭ 5 ͑c͒, and ϭ 10 ͑d͒, and for different values of the total solid volume fraction: ⌽ ϭ 0.3 ͑᭺͒, ⌽ ϭ 0.4 ͑᭝͒, and ⌽ ϭ 0.5 ͑ᮀ͒. We do not observe, with the precision of our setup, a viscosity decrease upon mixing for the smallest total solid volume fraction ⌽ ϭ 0.3, whatever the size ratio. For larger total solid volume fractions (⌽ ϭ 0.4 and ⌽ ϭ 0.5),we observe this decrease. Surprisingly, the viscosity decrease upon mixing is not clearly enhanced as the size ratio The variations of the relative viscosity obtained from the effective medium model ͓Eq. ͑2͔͒ using for ⌽ m (,),the results obtained from the packing fraction model of Ouchiyama and Tanaka ͑1981͒, are also presented in Fig. 6 ͑solid lines͒. The agreement with the experimental data is rather good for moderate value of the size ratio ͑ ϭ 2 and 3͒, meaning that the model we propose catches the essential of the viscosity decrease when particles of different sizes are mixed together. For the smallest size ratio ͓see Fig. 6͑a͒,   FIG. 6 . Relative viscosity, r , of bidisperse suspensions of spheres as a function of the fraction of small spheres for size ratio ϭ 2 ͑a͒, ϭ 3 ͑b͒, ϭ 5 ͑c͒, and ϭ 10 ͑d͒. Comparison of the values given by the effective medium model ͑solid line͒ with our experimental data ͑open symbols͒ and those from Poslinski et al. ͑1988͒ for a size ratio ϭ 5.3 ͑filled symbols͒ for different total solid volume fractions ⌽ ͓⌽ ϭ 0.3 ͑᭺͒, ⌽ ϭ 0.4 ͑᭝͒, and ⌽ ϭ 0.5 ͑ᮀ, ͔͒.
ϭ 2͔, the model underestimates the viscosity decrease upon mixing, but this is due to the fact underlined above that the packing fraction model underestimates the increase of the packing fraction upon mixing at a small size ratio ͓see Fig. 5͑a͒ , ϭ 2͔. For the largest value of the size ratio ͓see Fig. 6͑d͒ , ϭ 10͔, we observe a rather large deviation between the viscosity model and the viscosity measurements. This deviation cannot be attributed to the packing fraction model since it predicts well the packing fraction ͓see Fig. 5͑d͒ , ϭ 10͔. The packing fraction might not be the sole parameter that governs the viscosity of bimodal suspensions. The reason for this deviation could possibly be found in the dynamic feature of the flow the suspension is submitted to. Indeed, this feature is not taken into account in the present static description with an effective medium model that involves the packing fraction only. However, note that other experimental data for the viscosity of bidisperse suspensions in steady-shear flows seems to be predicted well by only a packing description ͓see Probstein et al. ͑1994͔͒ .
In order to present results concerning different size ratio, we have scaled our experimental data by normalizing the total volume fraction ⌽ by the packing fraction ⌽ m (,) given by the model of Ouchiyama and Tanaka ͑1981͒ described above. The plot of r as a function of ⌽/⌽ m for ϭ 0.25 is presented in Fig. 7 ͓crossed symbols: ϭ 1(ϩ), ϭ 2(ϫ), and ϭ 3( * )]. All the experimental points fall onto an individual master curve. For the purpose of comparison, the results of the numerical simulations of Chang and Powell ͑1993, 1994a͒ for ϭ 0.27 and for the different size ratio are presented in Fig. 7 . Note that the scaling with ⌽ m (,) ensures that the comparison can be made for any value of and . However, as Chang and Powell ͑1994a, 1994b͒, we have chosen one value of in order to keep Fig. 7 as clear as possible. In Fig. 7 , the plain symbols correspond to the Monte Carlo technique and the open ones to the dynamic simulations. For these two simulations, which are two-dimensional ones, the solid area fraction has been normalized by the two-dimensional packing fraction ͓see Fig. 6 of Chang and Powell ͑1994a͔͒. With the Monte Carlo technique, the microstructure of the suspension is frozen and leads to the viscosity at infinite frequency. On the other hand, with dynamic simulation, the suspension microstructure evolves at each step and leads to the viscosity at zero frequency. Dynamic simulations yield higher viscosities as compared with the results of Monte Carlo simulations. Our experimental results, which correspond to the finite-frequency case, lead to intermediate values between the two different kinds of simulations. Such a viscosity decrease when increasing the shear frequency is observed in Brownian suspensions ͓Bossis and Brady ͑1989͒, Van der Werff and De Kruif ͑1989͔͒, as well as in non-Brownian ones ͓Poslinski et al. ͑1988͒, Gondret et al. ͑1996͔͒ . If this phenomenon is well known and well understood for the Brownian suspensions, the control parameter being the Péclet number, this is not the case, however, for the nonBrownian ones.
IV. CONCLUSION
In this paper, we have reported experimental results for the viscosity measurement at finite frequency, which show a decrease in the dynamic viscosity of bidisperse macroscopic suspensions when one mixes particles of two sizes. On the one hand, we have interpreted these results from the influence of the size distribution of the particle mixture ͑characterized by the size ratio and the fraction of small spheres to the total solids͒ on the packing fraction and, consequently, on the viscosity of the suspensions. On the other hand, we have compared our results with numerical simulations performed by Stokesian dynamics and Monte Carlo technique. Our measurement obtained at finite frequency lead to intermediate values between those obtained by the two types of simulations and corresponding to the viscosity at zero and infinite frequency, respectively.
